Abstract. In this paper, we present a general method to calculate the inverse and direct dynamic models of parallel robots. The models are expressed in a closed form by a single equation in which all the elements needed are expressed. The solution is given in terms of the dynamic models of the legs, the dynamics of the platform and some Jacobian matrices. The proposed method is applied in this paper on two parallel robots with different structures.
Introduction
The parallel robots are complex multi-body systems that are difficult to model because of their several closed loops. Dynamic modeling is essential for design specifications and advanced control of parallel robots. Different techniques of the dynamic modeling of closed-loop manipulators are available in the works of [43, 33, 27, 36] . The work on the dynamics of parallel manipulator started with the dynamic analysis of Stewart platforms [17, 13] . Those studies mostly dealt with either the oscillation or the inverse dynamics problem under very simple frameworks. Later, other works presented more elaborated analysis to solve the dynamic modeling of parallel manipulators using different mechanical formalisms. For example the works of [29, 14, 28, 1, 3, 4, 31] used Lagrange-Euler formalism. The principle of virtual work has been used by [6, 41] . The principle of Hamilton was used in the dynamic modeling by [35] . On the other hand, Newton-Euler equations have been used by [40, 38, 19, 15, 16, 9, 10, 11, 23] . This paper presents a simple and general closed form solution for the inverse and direct dynamic models of parallel robots. The proposed method can be applied systematically to most parallel structures. The models are obtained by projecting the dynamics of the legs and the platform on the actuated joint axes using some simple Jacobian matrices. The dynamic models of the legs are expressed in the joint coordinates and the dynamics of the platform is expressed in the Cartesian variables.
The dynamic and kinematic models of the legs are obtained using classical methods devoted to serial robots and eventually with simple loops. Consequently, the computational complexity of the proposed models can be reduced by making use of the techniques, which were Categories (2), (3) . developed many years ago for the serial robots. The dynamics of the platform is obtained by Newton-Euler equations giving the total forces and moments on a solid body.
Since the Jacobian matrix of the robot is needed we propose a new method for the calculation of the inverse Jacobian matrix of parallel robots using the Jacobian matrices of the legs.
In this paper, we apply the proposed method to the following robots: -The Space robot, which has six degrees of freedom and three legs [5] , -The C5 robot, which has six degrees of freedom and six legs [8] .
The paper is organised as follows: in section 2 we present how to obtain the inverse dynamic modeling, in section 3 we present the solution of the direct dynamic modeling, then the two examples will be treated in the subsequent sections. In Appendix we present a general method for the calculation of the inverse kinematic Jacobian matrix of parallel robots.
Inverse dynamic modeling of parallel robots
A parallel robot is a complex multi-body system having several closed loops. It is composed of a moving platform connected to a fixed base by parallel legs. We consider non redundant robots, where the number of active joints is equal to the number of degrees of freedom of the platform. The number of legs is denoted by m and the number of d.o.f of the platform is denoted by n. We assign the frame fixed with the platform and frame
Σ fixed with the base.
The inverse dynamic model gives the forces and torques of motorized joints as a function of the desired trajectory of the mobile platform. Before presenting our method we recall in the next section a classical method, which is generally used to model robots with closed loops.
CLASSICAL DYNAMIC MODELING OF CLOSED LOOP STRUCTURES
The robot inverse dynamic model of a closed loop structure, giving the forces and torques of actuated joints, denoted by , is calculated as a function of the dynamic model of an equivalent tree structure by the following equation [27, 36, 24] : (2) where is the inertia matrix of the equivalent tree structure, and is the vector of the Coriolis, centrifugal and gravity forces of the equivalent tree structure. Many methods are available to calculate these elements [7, 2, 24] . 
The demonstration of relation (1) is straightforward using the principle of virtual work (or virtual power) which states that the work done (or power delivered) of the actuators of the tree structure is equivalent to that of the active joints of the closed system:
The equivalent tree structure is obtained from the closed loop structure by virtually cutting each loop at one of its passive joints.
Applying this procedure for parallel robots, the platform will be attached to one leg ( Figure 1 shows the case of Gough-Stewart robot), thus the platform dynamics is obtained in terms of the joint variables of the leg on which it is attached in the equivalent tree structure. As an example, in the case of Gough-Stewart robot the platform dynamics will be a function of the six joint variables of the leg with which it is attached, which makes the model very complicated. Besides, the calculation of G and the determination of the leg variables on which the platform is attached are also very complicated.
Platform
Base Figure 1 . The tree equivalent structure of the parallel robot
INVERSE DYNAMIC MODEL OF PARALLEL ROBOTS
To obtain the dynamic models of parallel robots, we propose to exploit their structural characteristics by decomposing the system into two subsystems: the platform and the legs.
The dynamics of the platform is calculated as a function of the Cartesian variables (spatial Cartesian position, velocity and acceleration of the platform), whereas the dynamics of the legs are calculated as a function of the joint variables of the legs ( )
q ,q ,q . The active joint torques are obtained by the sum of these dynamics after projecting them on the active joint axes.
Using the same idea of equation (1), to project the dynamics of the platform into the active joint space we multiply it by the transpose of the robot Jacobian matrix, and to project the leg dynamics into the active joint space we have to use the Jacobian between these two spaces. Thus the dynamic model of the parallel structure is given by the following equation:
with: P F is the total forces and moments on the platform, P J is the (6 n) kinematic Jacobian matrix of the robot, which relates the platform velocity (translational and angular) as a function of the active joint velocities:
H is the inverse dynamic model of leg i, it is a function of ( )
q ,q ,q , which can be obtained in terms of the platform location, velocity and acceleration, using the inverse kinematic models of the legs. We note that does not include the passive joint variables connecting the legs to the platform. 
P r V = SJ q a with is the (n×n) reduced kinematic Jacobian matrix of the robot. We note that when n = 6, the matrix is the (6×6) identity matrix.
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The calculation of is obtained by inverting , which is easy to obtain for most parallel structures [34] , in Appendix we present a general method to calculate it using the Jacobian matrices of the legs without taking into account the passive joints connecting the platform to the legs. is calculated by the following Newton-Euler equation [24] :
where:
the linear velocity of the origin of frame P Σ , which is fixed with the platform, 
The calculation of ∂ ∂ ia is carried out by the following relation which exploits the parallel structure of the robot:
with: is the vector of Cartesian velocity transferred from leg i to the platform. Finally, using (7) and (17) the inverse dynamic model of the robot is given by the following compact forms:
We note that the term between the brackets in (20) represents the dynamic model of the robot expressed in the Cartesian space of the platform frame P Σ [25, 30] , which can be used for Cartesian space computed torque control.
Many methods can be used to calculate representing the inverse dynamic model of a leg i [18, 32, 7, 21, 37] , one can use the method with which he is familiar. To reduce the computational cost the recursive Newton-Euler algorithm using base inertial parameters and customized symbolic methods can be used [26, 21] . Thus equation (21) can be rewritten on the following form: 
Direct dynamic model of parallel robots
The state of parallel robot can be taken as the Cartesian position and velocity of the platform. Thus, the direct dynamic model of the robot gives the platform Cartesian acceleration as a function of the state variables and the input of the motorized joint torques/forces: 
with is the inertia matrix of leg i, and is the vector of the Coriolis, centrifugal and gravity torques or forces of leg i. 
Substituting (12), (24) , (27) , (9) and (13) in (20), we obtain:
with: Many methods can be used to calculate these terms: i h can be computed using the Newton-Euler inverse dynamic model of leg i by setting 0 = q , [42, 22] , for one can use the method with which he is familiar. To reduce the computational cost the recursive Newton-Euler algorithm using base inertial parameters and customized symbolic methods can be used to obtain [21] . Assuming that B i is the point connecting leg i to the base and P i is the point connecting leg i to the platform. The frame is defined fixed with the base, its origin is B 0 Σ 1 , and frame P Σ is fixed with the mobile platform with P 1 as origin. We place these frames as shown in Figure 3 The notations of Khalil and Kleinfinger [20] , are used to describe the geometry of the tree structure composed of the base and the legs. The definition of the local link frames of leg i are given in Figure 4 , while the geometric parameters are given in Table 1 . The parameters of Table  1 The following notations are used: 
The Jacobian matrices required to calculate the dynamic model are calculated as follows:
i) The inverse kinematic model of a leg, which gives the joint velocities ( , i = 1 to 3) as a function of the linear velocity of point P Table 1 we obtain . Inverting analytically we compute the matrix . As an example, the matrix with respect to frame is given by:
, , and 
C * and S * represent respectively cos( * ) and sin( * ).
We note that the 3 d row elements of represent the components of the unit vector along the prismatic joint axis
The singular configurations of equation (36) 
So:
where designates the (3×3) skew matrix associated with the vector , see (15) . 
,:
3,: 
Using the form of relation (22) and noting that:
we obtain: 
DIRECT DYNAMIC MODEL OF THE SPACE ROBOT
The direct dynamic model is obtained by applying the procedure given in section 3, we obtain:
where is obtained using (29) as:
and is given by (30) :
We start by calculating the term by differentiating equation (31) we obtain: ,
Which can be rewritten as:
Using (26), we deduce:
Finally:
5 Dynamic modeling of the C5 robot 5.1 DESCRIPTION OF THE C5 ROBOT [8] The C5 parallel robot consists of a base and a platform linked together by six linear actuators ( Figure 5 ) [8] . The platform is designed by a cube. Each leg is embedded in the base at point B i and connected to one face of the mobile platform through a C5 joint at point P i . The base frame, , 0 Σ is located such that leg 1 and 2 are parallel to the x axis, legs 3 and 4 are parallel to the y axis and legs 4 and 5 are parallel to the z axis. The platform frame, , is located at the front right top corner (Figure 5 ), the frame axes are defined as in Figure 5 . The C5 joint is a complex joint with 3 rotational and 2 translational degrees of freedom, it is constructed by a spherical joint tied to two cross sliding plates (point P P Σ i is located at the centre of the sphericaljoint of leg i). 
Thus, the Jacobian of leg i is given by the scalar: 
The singular configurations of equation (58), correspond to , but the robot cannot reach these configurations owing to mechanical limits. 
The Newton-Euler equation of the platform is the same as (12) .
Since the dynamic model of each leg is only a function of the motorized joints, thus using (22), and noting that the inverse dynamic model is obtained as:
DIRECT DYNAMIC MODEL
To obtain the direct dynamic model we use the form (20) for the inverse dynamic model, the direct dynamic model is given as:
Using (29) and (30) 
Using (26), we obtain:
Finally using the general relations (29) and (30): 
where and are given by the following scalar equations:
Since is a scalar, thus and relations (68) and (69) are written as:
Conclusion
In this paper, a general method to compute the inverse and direct dynamic models of parallel robot is presented. The models are expressed in a closed form that exploits the structural characteristics of parallel robots. The models are calculated in terms of the dynamic model of the legs and the dynamics of the platform and some Jacobian matrices. Besides, a simple and general method for the calculation of the inverse kinematic Jacobian matrix of parallel robots is proposed. The computation of all the elements needed to calculate these models can be obtained using classical and known techniques, which are developed for serial robots. The method is applied in this paper on two robots with different structures and could be applied for most parallel robots.
Here we propose a simple method for the calculation of the inverse kinematic Jacobian matrix of the robot using the inverse Jacobian matrices of the legs.
The kinematic Jacobian matrix of the robot represents the relation between the active joint velocities and the spatial velocity of the platform : In general, is calculated by inverting the inverse Jacobian matrix which is obtained more easily. 
